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1 Introduction 

In this paper, we consider the following partial difference equation with pre- 
scribed initial and boundary conditions: 

/S = a s >0^0(«e!l D ), (1) 

,/| = (seZ> Hedn D ), 

J7d is a bounded subset of Z d , cT2d is the boundary of f^D, is the interior 
of fin, (namely fl D := S1d \dfln), '■= f(s,n), s G Z> , n G ^d- Moreover, 
we take a, S > and gt define as: 

s ._ J ft+e k ~r Jn-e k 

yn • 2^ 2d 

fc=l 

where e% is the unit vector whose fc-th component is 1 and the others are 0. 

The difference equation in([T]) is investigated [5j as a discretization of the 
following semi-linear heat equation: 

|[=A/ + / 1+ «, (2) 

where / := f(t,x), t>0, x G £Iq C K d and A is a <i-dimensional Laplacian. 

Solutions of @ are not necessarily bounded for all t > 0. In general, if there 
exists a finite time T > for which the solution of © in (t, x) G [0, T) x VLq 
satisfies 

limsup = oo, 

t-vT-0 



where 



ll/(v)IU 



sup \f(t,x)\, 



sen c 



then we say that the solution of © blows up at time T. 

The Cauchy problem for ^fy has been studied and a critical exponent which 
characterises the blow-up of the solutions for ([2]) has been discovered and studied 
by Fujita and et al. [H H 02 E] 

In fact, the difference equation (JlJ has similar characteristics to the critical 
exponent known from the continuous case. 

Considering © on [0,T) x fl^ with the following initial and boundary con- 
ditions 



where ttc is a bounded subset of R d , the following theorem can be shown to 



Theorem 1 ([1]) The solution of ^ with initial and boundary conditions ^ 
does not blow up at any finite time for sufficiently small initial conditions a(x). 

In this article, we show that ([1} has a property similar to theorem 1. In 
section 2, we define the blow-up of solutions for (JTJ) and state the main theorem 
which is a discrete analogue of theorem 1. This theorem is proved in section 3. 

2 Main theorem 

First, we define the blow-up of solutions for (JTJ). Because of the term {1 — 
a8(gi)} 1 / a , when gi -> {ot5)~ l l a - 0, then fi +1 -)• +oo. This behaviour may 
be regarded as an analogue of the blow up of solutions for the semi-linear heat 
equation. Thus we define a global solution of (JTJ) as follows. 

Definition 2.1 Let /2 be a solution to (JTJ). 

When there exists an sq G Z>o such that gt < (aS)~ 1 / a for all s < sq and 
ft G Qd, and when there exists Hq g Qrj such that g s ~ Q > {a5)~ x / a , then we say 
that the solution /J blows up at time sq. 

The following theorem is the main theorem of this paper. 

Theorem 2 For Q D = {n = (m, ••• ,n d ) 6 Z d |0 < n k < N k (k = 1, • • ■ ,d)}, 
the solution of ([T]) does not blow up at any finite time with sufficiently small 
initial condition an- 

3 Proof of the theorem 

To prove the theorem, we make use of a comparison theorem. 



( 



/(0, x) = a(x) > 0, ^ (x G fl c ), 
f{t,x) = (t > 0, xedflc), 



(3) 



hold. 
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First, to simplify the equations, we take the scaling (aS) 1 / 01 /| — > /2 which 
changes the difference equation in ([T]) to 

rs + l _ 9ft 
J n 



{1 - (giry/a 
Now, we construct a majorant solution. Let 
— f d 

M{h n ) -=^Y1 ( + ^-g* ) ■ (4) 
fe=i 

We denote by h s n the solution to the initial and boundary condition problem of 
the linear partial difference equation 

'h s H +1 =M(h s n ) (sez> , neoy 
h% = a n (ft G fi D ), (5) 
>i = (s e z> , n e 90 D ). 

The majorant solution is /2 defined as follow: 



fc=0 

where m s is defined in terms of ([5]) as 



ft- 

1 - E \m k \ a 



rn s := max h%. (7) 



Lemma 3.1 When fi exists at s, for all ft £ Z d , namely when 

s 

i-^K| a >o 

fc=0 

holds, the solution of ((l|) does not blow up at any time s and moreover satisfies 

/!>/!■ (8) 

Proof We precede by induction on s. When s = 0, by the definition of the 
initial and boundary condition problem, /2 exists and ([5]) holds because 

h° 

10 _ _n > h° = f° 

Jn {1 - |m | Q } 1/Q " " 
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Suppose that the statement is true up to s = sq and that /^ 0+1 exists. When 
fi 0+1 ={), we have that 

fi 0+1 = ^> h s J> +1 = 

J n n 

<=» M(h s S) = 



n±e k 


= 


(k = 


1,2,. 


.,d) 


po 

'n±4 


= 


(k = 


1,2,. 


■,d) 


'«±4 


= 


(k = 


1,2,. 


-,d) 



Hence ([SJ holds. 

When ft 0+1 > 0, if gi° = 0, then fi 0+1 = and the statement is true. 
Otherwise 



< 



so + l «0 

l- y. KI Q i- E KI Q 

SQ+l^-a _ fc=Q _ fc=Q 

(/lt + 1 )« ~ + 

so 



TOS +1 



so+l 



i- E Kl a 

< ^2 1 = 

From (^°) _a - 1 = (fi 0+1 )- a and we find (f?. 0+1 )- a < (fi 0+1 )- a , i.e. 
ffi +1 5i fn +1 - Thus, from the induction hypothesis, the statement is true for 
any non-negative integer s. 

From this lemma, by proving that 1 — Et-=o \ m k\ a > f° r au s £ ^>o with 
sufficiently small initial condition in (JlJ , one can complete the proof of the main 
theorem. 

The solution of ([5]) is 

h *= e {^( C ^) s n sin (^^ 

n'eng, I k=i ^ k 

where n := (n 1 , ■ ■ ■ , n d ), ft' := (n' 1} • • • , n^), c s < := EsLi 3 cos { n 'k 7r / N k) and 
are constants that satisfy h*l = a^. The following proposition concerning 
-Bs can be proven. 

Proposition 3.1 If the initial condition of ([5]) is fixed, are determined 
uniquely. 
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Proof This property is proved by induction on d. 

When d = 1, put N := N\. Solving N — 1 linear equations with N — 1 un- 
knowns: a n , — J2n=i B n sin {^jf n ') ( n ' = 1, ' ' ' > 1); ^ e #n are determined. 



IfN-1 vectors (sin^, 



, sm 



»(iV- 



1. 



, v ,« — x, - - ■ , iV — 1) are linearly inde- 
pendent, then the B n are determined uniquely. On the other hand, these N — 1 
vectors are eigenvectors of the following (N — 1) x (AT — 1) matrix: 



1 


Vo 











1 

0/ 



.AZZ eigenvector are linearly independent so that the B n are determined uniquely. 

Suppose that the statement is true up to d = do — 1. Now we consider the 
case of d = do. 



do 



0,0' = 



B n n sin 



D 

N d() -l 

E 



fc=l 



sm 



do-l 



*> E s « n sin 



fc=i 



If n\,--- ,nd -i are fixed, then each ^ Bf t JlfeLi 1 sm (lvT nfe ) * s determined 
uniquely from the case of d = 1 . Because of the induction hypothesis, the B^ 
are also determined uniquely. Thus, the statement is true for any d. 

Now we estimate the infinite series X^^Lo l TOfc l"- Take B := max^| i?d- If 
one lets max^ \an\ be small, B also becomes small. We consider three cases 
a < 1, a > 1. 

When a < 1, we obtain 



Ei 

k=0 



m k \ 



< 



E 

fc=0 



B 



< 



E B " E i<* 

1 



fe=0 



^ 1 - led 



< 00. 



We used the inequality (x + y) a < x a + y a (x, y > 0) in the second line. The 
inequality above implies that X^felo \ m k\ a can take an arbitrarily small value, 
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if one lets the value of B small. Thus, J^kLo \ m k\ a < 1 with sufficiently small 
initial condition in ([5]) and the statement of theorem 2 holds by lemma 3.1. 

When a > 1, since \cft\ < 1 (n G fij^), |c^| s — >• (s — ► oo) for all n G 
Thus, there exists sq G Z>q such that J2neci° l c fi | s < 1 (s > sq). Now we get 



oo 
fe=0 



< 



< 




< OO. 



so — 1 

^] \mk\ a can take an arbitrarily small value, if one let the value of maxs 6 o D a>ti 

k=0 

be small so that the inequality above implies that X)fe=o l m fc| Q can t a ke an 
arbitrarily small value, (if B is sufficiently small.) Thus, Y^k=o \ m k\ a < 1 with 
sufficiently small initial condition in and the statement of theorem 2 holds 
by lemma 3.1. This completes the proof of the main theorem. 
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